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It has been found, that free electromagnetic (EM) field in restricted volume (typical experimen-
tal case) consists of two independent and equally possible components with different parity under
spatial inversion transformations. Either of the two components indicated represents the system of
also two independent and equally possible fields, which are even and uneven under time reversal
transformations. The rules for local quantization of EM-field in Minkowski space are obtained.
PACS numbers: 78.20.Bh, 75.10.Pq, 11.30.-j, 42.50.Ct, 76.50.+g
I. INTRODUCTION AND BACKGROUND
In 1873 Y ”A Treatise on Electricity and Magnetism”
by Maxwell [1] was published, in which the discovery of
the system of electrodynamics equations was reported.
The equations are in fact the symmetry expressions for
experimental laws, established by Faraday, and, conse-
quently, they are mathematical mapping of experimen-
tally founded symmetry of EM-field. It means in its turn
that if some new experimental data will indicate, that
symmetry of EM-field is higher, then Maxwell equations
have to be generalized. That is the reason why the sym-
metry study of Maxwell equations is the subject of many
research in field theory up to now. Heaviside [2] in twenty
years after Maxwell discovery was the first, who payed
attention to the symmetry between electrical and magn-
netic quantities in Maxwell equations. Mathematical for-
mulation of given symmetry, consisting in invariance of
Maxwell equations for free EM-field under the duality
transformations
~E → ± ~H, ~H → ∓ ~E, (1)
gave Larmor [3]. Duality transformations (1) are pri-
vate case of the more general dual transformations, es-
tablished by Rainich [4]. Dual transformations produce
oneparametric abelian group U1 of chiral transformations
and they are
~E → ~Ecosθ + ~Hsinθ
~H → ~Hcosθ − ~Esinθ.
(2)
Given symmetry indicates, that both constituents ~E and
~H of EM-field are possessing equal rights, in particular
they both have to consist of component with different
parity. Subsequent extension of dual symmetry for the
EM-field with sources leads to requirement of two type of
charges. Examples of the dual symmetry display are for
instance the equality of magnetic and electric energy val-
ues in LC-tank or in free electromagnetic wave. Recently
concrete experimental results have been obtained con-
cerning dual symmetry of EM-field in the matter. Two
new physical phenomena - ferroelectric [8] and antifer-
roelectric [7] spin wave resonances have been observed.
They were predicted on the base of the model [6] for
the chain of electrical ”spin” moments, that is intrinsic
electrical moments of (quasi)particles. Especially inter-
esting, that in [7] was experimentally proved, that really
purely imaginary electrical ”spin” moment, in full cor-
respondence with Dirac prediction [5], is responsible for
the phenomenon observed. Earlier on the same samples
has been registered ferromagnetic spin wave resonance,
[9].
The values of splitting parameters AE and AH in fer-
roelectric and ferromagnetic spin wave resonance spectra
allowed to find the ratio JE/JH of exchange constants in
the range of (1.2−1.6)104. Given result seems to be direct
proof, that the charge, that is function, which is invariant
under gauge transformations is two component function.
The ratio of imagine eH ≡ g to real eE ≡ e components
of complex charge is ge ∼
√
JE/JH ≈ (1.1 − 1.3)102.
At the same time in classical and in quantum theory
dual symmetry of Maxwell eqations does not take into
consideration. Moreover the known solutions of Maxwell
eqations do not reveal given symmetry even for free EM-
field, see for instance [10], although it is understandable,
that the general solutions have to posseess by the same
symmetry.
The aim of given work is to find the cause of symmetry
difference of Maxwell eqations and their solutions and to
propose correct field functions for classical and quantized
EM-field.
II. DUAL SYMMETRY QUANTIZATION OF
EM-FIELD IN VOLUME RECTANGULAR
CAVITY
Suppose EM-field in volume rectangular cavity. Sup-
pose also, that the field polarization is linear in z-
direction. Then the vector of electrical component can
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2be represented in the form
Ex(z, t) =
∞∑
α=1
Aαqα(t) sin(kαz), (3)
where qα(t) is amplitude of α-th normal mode of the
cavity, α ∈ N ,
kα =
αpi
L
,Aα =
√
2ω2αmα
V 0
, ωα =
αpic
L
, (4)
L is cavity length along z-axis, V is cavity volume, mα
is parameter, which is introduced to obtain the analogy
with mechanical harmonic oscillator. Using the equation
0∂t ~E(z, t) =
[
∇× ~H(z, t)
]
(5)
we obtain the expression for magnetic field
Hy(z, t) =
∞∑
α=1
0
Aα
kα
dqα
dt
cos(kαz) +Hy0(t), (6)
where Hy0 =
∑∞
α=1 fα(t), {fα(t)}, α ∈ N , is the set of
arbitrary functions of the time. The partial solution is
usually used, in which the function Hy0(t) is identically
zero. The field Hamiltonian H[1](t), corresponding given
partial solution, is
H[1](t) = 1
2
∫∫∫
(V )
[
0E
2
x(z, t) + µ0H
2
y (z, t)
]
dxdydz
=
1
2
∞∑
α=1
[
mαω
2
αq
2
α(t) +
p2α(t)
mα
]
,
(7)
where
pα = mα
dqα(t)
dt
. (8)
Then, using the equation[
∇× ~E
]
= −∂
~B
∂t
= −µ0 ∂
~H
∂t
(9)
it is easily to find the field functions {qα(t)}. They will
satisfy to differential equation
d2qα(t)
dt2
+
k2α
µ00
qα(t) = 0. (10)
Consequently, taking into account µ00 = 1/c2, we have
qα(t) = C1eiωαt + C2e−iωαt (11)
Thus, real free Maxwell field equations result in well
known in the theory of differential equations situation
- the solutions are complex-valued functions. It means,
that generally the field function for free Maxwell field
produce complex space.
From general expression for the field ~H(~r, t)
~H(~r, t) =
[ ∞∑
α=1
Aα
0
kα
dqα(t)
dt
cos(kαz) + fα(t)
]
~ey (12)
it is easily to obtain differential equation for fα(t)
dfα(t)
dt
+Aα
0
kα
∂2qα(t)
∂t2
cos(kαz)
+
1
µ0
Aαkαqα(t)cos(kαz) = 0.
(13)
Its solution in general case is
fα(t) =
t∫
0
Aα cos(kαz)
[
−qα(τ)kα
µ0
− d
2qα(τ)
dτ2
0
kα
]
dτ
(14)
Then we have another solution of Maxwell equations
~H [2](~r, t) =
(−1)
µ0
{ ∞∑
α=1
kαAα cos(kαz)q′α(t)
}
~ey, (15)
~E[2](~r, t) =
{ ∞∑
α=1
Aα
dq′α(t)
dt
sin(kαz)
}
~ex, (16)
where q′α(t) =
t∫
0
qα(τ)dτ . The Hamiltonian H[2](t) is
H[2](t) = 1
2
∞∑
α=1
[
mαω
4
αq
′2
α(t) +mαω
2
α(
dq′α(t)
dt
)2
]
. (17)
Let us introduce new variables
q′′α(t) = ωαq′α(t)
p′′α(t) = mαωα
dq′α(t)
dt
(18)
Then
H[2](t) = 1
2
∞∑
α=1
[
mαω
2
αq
′′2
α(t) +
p′′2α(t)
mα
]
. (19)
We use further the standard procedure of field quantiza-
tion. So for the first partial solution we have
[pˆα(t), qˆβ(t)] = i~δαβ
[qˆα(t), qˆβ(t)] = [pˆα(t), pˆβ(t)] = 0,
(20)
where α, β ∈ N . Introducing the operators aˆα(t) and
aˆ+α (t)
aˆα(t) =
1√
2~mαωα
[mαωαqˆα(t) + ipˆα(t)]
aˆ+α (t) =
1√
2~mαωα
[mαωαqˆα(t)− ipˆα(t)] ,
(21)
3we have for the operators of canonical variables
qˆα(t) =
√
~
2mαωα
[
aˆ+α (t) + aˆα(t)
]
pˆα(t) = i
√
~mαωα
2
[
aˆ+α (t)− aˆα(t)
]
.
(22)
Then field function operators are
~ˆE(~r, t) = {
∞∑
α=1
√
~ωα
V 0
[
aˆ+α (t) + aˆα(t)
]
sin(kαz)}~ex,
(23)
~ˆH(~r, t) = i{
∞∑
α=1
√
~ωα
V µ0
[
aˆ+α (t)− aˆα(t)
]
cos(kαz)}~ey,
(24)
For the second partial solution, corresponding to Hamil-
tonian H[2](t) we have
[pˆ′′α(t), qˆ′′β(t)] = i~δαβ
[qˆ′′α(t), qˆ′′β(t)] = [pˆ′′α(t), pˆ′′β(t)] = 0,
(25)
α, β ∈ N . The operators aˆ′′α(t), aˆ′′+α (t) are introduced
analogously
aˆ′′α(t) =
1√
2~mαωα
[mαωαqˆ′′α(t) + ipˆ′′α(t)]
aˆ′′+α (t) =
1√
2~mαωα
[mαωαqˆ′′α(t)− ipˆ′′α(t)]
(26)
Relationships for canonical variables are
qˆ′′α(t) =
√
~
2mαωα
[
aˆ′′+α (t) + aˆ
′′
α(t)
]
pˆ′′α(t) = i
√
~mαωα
2
[
aˆ′′+α (t)− aˆ′′α(t)
] (27)
For the field function operators we obtain
~ˆE[2](~r, t) =
i{
∞∑
α=1
√
~ωα
V 0
[
aˆ′′+α (t)− aˆ′′α(t)
]
sin(kαz)}~ex,
(28)
~ˆH [2](~r, t) =
{
∞∑
α=1
√
~ωα
V µ0
(−1)
[
aˆ′′+α (t) + aˆ
′′
α(t)
]
cos(kαz)}~ey.
(29)
Let us designate the vector-functions of the first partial
solution with index [1]. In accordance with definition of
complex quantities we have
( ~E[1](~r, t), ~E[2](~r, t))→ ~E[1](~r, t) + i ~E[2](~r, t) = ~E(~r, t),
(30)
( ~H [2](~r, t), ~H [1](~r, t))→ ~H [2](~r, t) + i ~H [1](~r, t) = ~H(~r, t).
(31)
Consequently, correct field operators for quantized EM-
field are
~ˆE(~r, t) = {
∞∑
α=1
√
~ωα
V 0
{[aˆ+α (t) + aˆα(t)]
+
[
aˆ′′α(t)− aˆ′′+α (t)
]
}sin(kαz)}~ex,
(32)
and
~ˆH(~r, t) = {
∞∑
α=1
√
~ωα
V µ0
{[aˆ+α (t)− aˆα(t)]
−
[
aˆ′′α(t) + aˆ′′
+
α (t)
]
}cos(kαz)}~ey,
(33)
III. QUANTIZATION OF EM-FIELD IN
VOLUME RECTANGULAR CAVITY WITH
SPACE COORDINATE DEPENDENT PHOTON
CREATION AND ANNIHILATION OPERATORS
Suppose EM-field also in volume rectangular cavity
and that the field polarization is linear in z-direction.
Then the vector of electrical component can be repre-
sented also in the form
Ex(z, t)~ex =
[ ∞∑
α=1
A′αqα(z) sin(ωαt)
]
~ex, (34)
where qα(t) is α-th normal mode of the cavity, α ∈ N ,
kα =
αpi
L
,A′α =
√
2ω2α
T
, ωα =
αpic
L
, (35)
L is cavity length along z-axis, T is fixed time value.
Using the equation
0∂t ~E(z, t) =
[
∇× ~H(z, t)
]
(36)
we obtain the expression for magnetic field
Hy(z, t)~ey =−
∞∑
α=1
Aαωα
 z∫
0
qα(z′)dz′
 cos(ωαt) +Hy0(t)
~ey,
(37)
where Hy0 =
∑∞
α=1 fα(t), {fα(t)}, α ∈ N , is the set of
arbitrary functions of the time. We will use the partial
solution, in which the function Hy0(t) is identically zero.
It is convenient to use new variable
z∫
0
qα(z′)dz′ = q′α(z), qα(z) =
dq′α(z)
dz
(38)
4Then, analogously to Hamiltonian, we can consider the
quantity
G(z) =
1
2
t∫
0
[
~E2(z, τ) + ~H2(z, τ)
]
dτ, (39)
which represents itself the corresponding component of
energy-impulse tensor (CGS-system is used). Taking into
account the expresions for Ex(z, t), Hy(z, t) we have
G(z) =
1
2
t∫
0
{ ∞∑
α=1
A′2α
[
dq′α(z)
dz
]2
sin2 ωατ
}
dτ
+
t∫
0

∞∑
α=1
∞∑
β=1
A′αA′β
dq′α(z)
dz
dq′β(z)
dz
sinωατ sinωβτ
 dτ
+
1
2
t∫
0
{ ∞∑
α=1
A′2αω
2
α [q
′
α(z)]
2 cos2 ωατ
}
dτ
+
t∫
0

∞∑
α=1
∞∑
β=1
A′αA′βq′α(z)q
′
β(z) cosωατ cosωβτ
 dτ
(40)
If we integrate, then we obtain
G(z) =
1
2
∞∑
α=1
{
ω2α
[
dq′α(z)
dz
]2
+ ω4α [q
′
α(z)]
2
}
(41)
Let us introduce the variables
q′′α(z) = ωαq
′
α(z),
p′′α(z) = ωα
dq′α(z)
dz
,
(42)
then G(z) in canonical form is
G(z) =
1
2
∞∑
α=1
{
[p′′α(z)]
2 + ω2α
[
q
′′
α(z)
]2}
. (43)
Quantization is realized, if to take into account the rela-
tionships
[pˆ′′α(z), qˆ′′β(z)] = iλ0δαβ
[qˆ′′α(z), qˆ′′β(z)] = [pˆ′′α(z), pˆ′′β(z)] = 0,
(44)
where α, β ∈ N . The operators aˆ′′α(z), aˆ′′+α (z) are intro-
duced analogously to operators aˆ′′α(t), aˆ′′
+
α (t) and they
are
aˆ′′α(z) =
1√
2λ0ωα
[ωαqˆ′′α(z) + ipˆ′′α(z)]
aˆ′′+α (z) =
1√
2λ0ωα
[ωαqˆ′′α(z)− ipˆ′′α(z)] .
(45)
Relationships for operators of canonical variables qˆ′′α(z)
and pˆ′′α(z) are
qˆ′′α(z) =
√
λ0
2ωα
[
aˆ′′+α (z) + aˆ
′′
α(z)
]
pˆ′′α(z) = i
√
λ0ωα
2
[
aˆ′′+α (z)− aˆ′′α(z)
]
.
(46)
It is easily to show, that the operator Gˆ(z) can be repre-
sented in the simple form
Gˆ(z) =
∞∑
α=1
λ0ωα
[
aˆ′′+α (z)aˆ
′′
α(z) +
1
2
]
, (47)
which determines physical meaning of the operators
aˆ′′+α (z) and aˆ
′′
α(z). The operators of vector-functions
of EM-field can be represented in the form
~ˆE(~r, t) =
{
i
∞∑
α=1
A′α
√
λ0
2ωα
sinωαt
[
aˆ′′+α (z)− aˆ′′α(z)
]}
~ex
(48)
for ~ˆE(~r, t) and
~ˆH(~r, t) =
{ ∞∑
α=1
A′α
√
λ0
2ωα
cosωαt
[
aˆ′′α(z) + aˆ′′
+
α (z)
]}
~ey
(49)
for ~ˆH(~r, t).
IV. LOCAL QUANTIZATION OF EM-FIELD
Let us consider the field vector-functions in general
form. So, if ~E(~r, t) is
~E(~r, t) =
{ ∞∑
α=1
A′′αqα(t)qα(z)
}
~ex, (50)
then ~H(~r, t) will be
~H(~r, t) =
−
∞∑
α=1
A′′α
dqα(t)
dt
 z∫
0
qα(z′)dz′
~ey.
(51)
It represents the interest to get the expression for the den-
sity of the components of energy-impulse tensor W (~r, t),
that is for the quantity
W (~r, t) =
1
2
[
0 ~E
2(z, t) + µ0 ~H2(z, t)
]
(52)
5through the electric and magnetic fields
W (~r, t) =
1
2
{ ∞∑
α=1
A′′2α
ω2α
[p′′α(z)]
2 [qα(t)]
2
}
+
1
2

∞∑
α=1
∞∑
β=1
2
A′′αA′′β
ωαωβ
p′′α(z)p
′′
β(z)qα(t)qβ(t)

+
1
2
{ ∞∑
α=1
A′′2α
ω2α
[p′′α(t)]
2 [qα(z)]
2
}
+
1
2

∞∑
α=1
∞∑
β=1
2
A′′αA′′β
ωαωβ
p′′α(t)p
′′
β(t)qα(z)qβ(z)

(53)
We consider the case of diagonalized quadratic form, in
particular, when in foregoing expression two nondiagonal
terms are zero. Then, introducing the operators
aˆα(z, t) =
cωα√
2(λ′0 + ~)ωα
[
ωαcqˆ′′α(z) + icpˆ′′α(z)
]
[ωαqˆα(t) + ipˆα(t)]
aˆ+α (z, t) =
cωα√
2(λ′0 + ~)ωα
[
ωαcqˆ′′α(z)− icpˆ′′α(z)
]
[ωαqˆα(t)− ipˆα(t)] ,
(54)
where λ′0 =
λ0
c . It can be shown, that operators aˆα(z, t)
and aˆ+α (z, t) satisfy to commutation conditions[
aˆα(z, t), aˆ+α (z, t)
]
= i(λ′0 + ~)Hα(z, t), α ∈ N. (55)
HereHα(z, t) is 4-density of the Hamiltonian of the α−th
mode. In particular, if q′′α(z), α ∈ N , are harmonical
functions, that is in the case, corresponding to the most
of the practical applications (taking into account the pos-
sibility of expansion in Fourier series) the commutation
relationships are[
aˆα(z, t), aˆ+α (z, t)
]
= i(λ′0 + ~), α ∈ N. (56)
So we obtain the rules for local quantization of EM-field
in Minkowski space. Given consideration shows, that si-
multaneously with time of creation or annihilation of the
photons it becomes to be possible to determine the place
of photon creation or annihilation.
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